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PERFECT POWERS IN CATALAN AND NARAYANA NUMBERS
SARA CHECCOLI∗ AND MICHELE D’ADDERIO
Abstract. When a Catalan number or a Narayana number is a (non-trivial) perfect
power? For Catalan numbers, we show that the answer is “never”. However, we
prove that for every b, the Narayana number N(a, b) is a (non-trivial) perfect square
for infinitely many values of a, and we show how to compute all of them. We also
conjecture that N(a, b) is never a (non-trivial) perfect k-th power for k ≥ 3 and we
prove some cases of this conjecture.
Introduction
Given two natural numbers a and b, the Narayana number N(a, b) is defined by the
formula
N(a, b) :=
1
a
(
a
b
)(
a
b− 1
)
.
These numbers are well known in discrete mathematics, since they count several fam-
ilies of mathematical objects (see [8] for a classical reference, or [1, 11, 17, 18, 22, 23,
31, 32, 34] for some more recent occurrence), e.g. N(m + n − 1,m) is the number of
parallelogram polyominoes in a rectangular m× n box (cf. [6]).
There is a natural link with the famous Catalan numbers
Cn :=
1
n+ 1
(
2n
n
)
,
given by the identity
∑
kN(n, k) = Cn.
The Catalan numbers are ubiquitous in mathematics: see [29, 30, Exercise 6.19] for
about 200 families of mathematical objects counted by these numbers.
In algebraic combinatorics q, t-analogues of Catalan numbers have been studied in
connection with the so called n!-conjecture (now n!-theorem of Haiman) about the
renown diagonal harmonics (see [12, 15, 16]). More recently, a q, t-analogue of the
Narayana numbers has been shown to be intimately related to the decade old shuffle
conjecture about the Frobenius characteristic of the diagonal harmonics (see [4, 5, 14]),
renewing the interest for these numbers.
From a number theoretic point of view, it is natural to ask about divisibility prop-
erties of these numbers, which are of course related to divisibility properties of the
binomial coefficients.
For the Catalan numbers, such properties have been studied by several authors.
In particular their parity was studied in [2], while more generally their congruence
modulo a power of 2 has been recently investigated in [21, 33]. Their divisibility by
prime powers was completely determined in [3] via arithmetic techniques. In [9], among
∗ supported by an SFSN grant.
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other results, the 2-adic valuation of Catalan numbers has been studied by means of
certain group actions. Similar results for generalizations of Catalan numbers have been
studied in [19, 25].
Lately, also the Narayana numbers have received more attention in this direction.
In particular, in [7], using a theorem of Kummer on the p-adic valuation of binomial
coefficients, the authors study the divisibility of N(a, b) by primes, in relation with the
description of N(a, b) in base p.
In this work we study the following number theoretic question:
Question. When a Catalan number or a Narayana number is a (non-trivial) perfect
power?
For us an integer is a (non-trivial) perfect power if it is of the form mk where m and
k are both integers ≥ 2 (so 1 is not a perfect power). For k = 2, we call this integer a
perfect square.
The question for Catalan numbers has a negative answer: it follows easily from
a classical theorem of Ramanujan on the distribution of primes in intervals that the
sequence of Catalan numbers does not contain perfect powers. We show this in Section
1.
Interestingly enough, the situation for the Narayana numbers is very different: there
are a lot of them which are perfect squares.
We study this case in Section 3. We start by exhibiting infinitely many pairs (a, b)
such that N(a, b) is a perfect square, see Proposition 3.1. Then, in Theorem 3.2, we
give an effective algorithm to compute all such pairs, proving in particular the stronger
result that for any given b > 1, there are infinitely many a > b such that N(a, b) is a
perfect square. It turns out that this problem can be reduced to the study of certain
generalized Pell’s equations: we recall the facts about these equations that we need in
Section 2.
In Section 4 we show how the algorithm works with an explicit example.
We conclude, in Section 5, by studying the seemingly more complicated case of
higher powers. We make the following conjecture.
Conjecture 1. N(a, b) is never a non-trivial perfect k-th power for k ≥ 3.
Conjecture 1 seems to be quite hard. For example, for b = 3 (the case b = 2 follows
from some known results), it is related to a generalization of the Catalan’s conjecture
by Pillai. However we are able to provide some evidence for our conjecture, by showing
that it holds when b is “not too small” (see Theorems 5.3 and 5.4).
1. Catalan numbers are not perfect powers
The famous Catalan numbers are defined, for n ≥ 1, by the formula
Cn :=
1
n+ 1
(
2n
n
)
.
In this section we answer the question:
Question. Are there perfect powers in the Catalan sequence {Cn}n≥1?
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Though Catalan numbers have been extensively studied, to the best of our knowledge
this is the first investigation of this kind.
The negative answer to our question follows easily from the following classical the-
orem, which is due to Ramanujan (see [27, Section 9.3B] for a proof).
Theorem 1.1 (Ramanujan). For n ≥ 6 there are at least two primes between n and
2n.
Here is a complete answer to our question.
Theorem 1.2. For all n, the n-th Catalan number Cn is never a perfect power.
Proof. We write
(1.1) Cn =
1
n+ 1
(
2n
n
)
=
(2n)(2n − 1) · · · (n+ 2)
n!
.
By Ramanujan’s Theorem, for n ≥ 6 there are at least two primes between n and
2n. Since they cannot be both n and n + 1, this implies that there is at least one
prime between n + 2 and 2n. Hence this prime divides exactly Cn (since it divides
the numerator in (1.1), but not the denominator), showing that it cannot be a perfect
power.
Since C1 = 1, C2 = 2, C3 = 5, C4 = 14 and C5 = 42 are not perfect powers, this
completes the proof. 
2. The generalized Pell’s equation n2 − dm2 = z2
Before considering the problem of when a Narayana number is a non-trivial perfect
power, we recall some results on Pell’s equation which will be used in the following
section.
Let z and d be positive integers, with d squarefree. In this section we want to describe
all the positive integral solutions (n,m) with m even of the generalized Pell’s equation
(2.1) n2 − dm2 = z2.
We start recalling the following classical well known results. We suggest [35, Chapter
1] as general reference.
2.1. Solving the generalized Pell’s equations n2− dm2 = z2. From [35, Proposi-
tion 1.5], all positive integral solutions (n,m) of the generalized Pell’s equation
(2.2) n2 − dm2 = z2
are obtained as
n±m
√
d = (n′ +m′
√
d)(n1 +m1
√
d)k
where k ∈ Z, (n1,m1) is the fundamental solution of the corresponding Pell’s equation
(2.3) n2 − dm2 = 1,
3
and (n′,m′) is a particular positive solution of (2.2), belonging to a finite set effectively
computable only in terms of n1,m1, d and z. In particular (n
′,m′) can be chosen so
that
|n′| < z
√
n1 +m1
√
d and |m′| < z
√
n1 +m1
√
d
d
.
The fundamental solution (n1,m1) of (2.3) is easily computable: n1/m1 is in fact
the truncation of the continued fraction expansion of
√
d to the end of its first period,
if this period has even length, or to the end of its second period, if this period has odd
length. Moreover, all positive solutions of (2.3) are of the form (nk,mk) with
nk +mk
√
d := (n1 +m1
√
d)k for k ∈ N.
2.2. Finding integral solutions (n,m) with m even. We go back to the original
purpose of this section, that is to find integral solutions of (2.2) with m even.
Observe that if d is even, then n and z must have the same parity. We have
dm2 = n2 − z2 = (n− z)(n+ z),
hence in this case dm2 is divisible by 22 = 4; since d is squarefree, we must have that
2 divides m2, so m is even.
Therefore, we assume from now on that d is odd.
Consider the general product
x2 + y2
√
d := (x1 + y1
√
d)(x0 + y0
√
d),
where all xi’s and yi’s are integers. We have
(x1 + y1
√
d)(x0 + y0
√
d) = (x1x0 + y1y0d) +
√
d(x1y0 + x0y1),
hence
x2 = x1x0 + y1y0d and y2 = x1y0 + x0y1.
It is now clear that:
• if x0 and x1 are both even, and y0 and y1 are both odd, then x2 is odd while
y2 is even;
• similarly, if y0 and y1 are both even, and x0 and x1 are both odd, then x2 is
odd while y2 is even.
On the other hand
• if x0 and y1 are both even, and y0 and x1 are both odd, then x2 is even while
y2 is odd.
Moreover
• if only one of x0, y0, x1, y1 is odd, then both x2 and y2 are even;
• if only one of x0, y0, x1, y1 is even, then both x2 and y2 are odd.
Now, since (nk,mk) are all solutions of the Pell’s equation (2.3), necessarily nk and
mk have different parities for all k (we are assuming that d is odd!).
In fact, from what we observed, we easily deduce that if n1 is odd, then nk is odd
(and hence mk is even) for all k ∈ Z. Similarly, if n1 is even, then n2k+1 is even (and
hence m2k+1 is odd) for all k ∈ Z, while n2k is odd (and hence m2k is even) for all
k ∈ Z.
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Now all positive solutions (n,m) of (2.2) are obtained as
n±m
√
d = (n′ +m′
√
d)(n1 +m1
√
d)k = (n′ +m′
√
d)(nk +mk
√
d) for k ∈ Z,
from which m = |n′mk +m′nk|. So the parity of m depends on the parities of n′ and
m′. From the discussion above, we easily deduce the following lemma.
Lemma 2.1. In the notation above, all positive solutions (n,m) of (2.2) with m even
are obtained as
n±m
√
d = (n′ +m′
√
d)(nk +mk
√
d) for k ∈ Z,
if d is even or if both n′ and m′ are even;
n±m
√
d = (n′ +m′
√
d)(n2k +m2k
√
d) for k ∈ Z,
if both n′ and d are odd, while m′ is even;
n±m
√
d = (n′ +m′
√
d)(n2k+1 +m2k+1
√
d) for k ∈ Z,
if both m′ and d are odd, while n′ is even.
3. The case of the squares
Given two natural numbers a and b, the Narayana number N(a, b) is defined by the
formula
N(a, b) :=
1
a
(
a
b
)(
a
b− 1
)
.
In this section we study when N(a, b) is a perfect square.
Since given two natural numbers a and b, we have N(a, a) = N(a, 1) = 1, while
N(a, b) = 0 for a < b, we will always assume in what follows that a > b > 1.
It is not hard to see that there are infinitely many pairs (a, b) for which N(a, b) is a
square. We can prove a little more by providing explicit families of such pairs.
Proposition 3.1. There are infinitely many pairs (a, b) such that N(a, b) is a square.
More precisely:
(1) if n is odd, then N
(
n2, n
2+1
2
)
is a square;
(2) if n is even, then N
(
n2 − 2, n2−2
2
)
is a square;
(3) for all n, N(n2(n2 + 1), n2 + 1) is a square.
Proof. We start with the following simple, but quite useful, manipulation:
(3.1) N(a, b) =
1
a
(
a
b
)(
a
b− 1
)
=
b
a(a− b+ 1)
(
a
b
)2
.
Hence to check that N(a, b) is a square it is enough to check that b/a(a− b+ 1) is.
For n ∈ N, n ≥ 1 odd, (n2 + 1)/2 is a positive integer, so, letting a := n2 and
b := (n2 + 1)/2 we compute
a(a− b+ 1)
b
=
2
(n2 + 1)
(
n2
(
n2 − (n
2 + 1)
2
+ 1
))
= n2.
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This shows that, for n > 1 odd N
(
n2, n
2+1
2
)
is always a square, proving (1).
Similarly, for n ∈ N, n > 1 even, (n2− 2)/2 is a positive integer. Setting a := n2− 2
and b := (n2 − 2)/2, we compute
a(a− b+ 1)
b
=
2
(n2 − 2)
(
(n2 − 2)
(
(n2 − 2)− (n
2 − 2)
2
+ 1
))
= 2
(
(n2 − 2)
2
+ 1
)
= n2.
So for n > 2 even, N
(
n2 − 2, n2−2
2
)
is always a square, establishing (2).
Finally, for any integer n ∈ N, letting a := n2(n2 + 1) and b := n2 + 1 gives
a(a− b+ 1)
b
=
n2(n2 + 1)
(
n2(n2 + 1)− (n2 + 1) + 1)
(n2 + 1)
= n6,
so N
(
n2(n2 + 1), n2 + 1
)
is a square too, proving (3). 
Remark 3.1. Notice that Proposition 3.1 does not cover all the pairs (a, b) such that
N(a, b) is a square. For instance N(1728, 28) and N(63, 28) are both squares (as we
will see in the next section) but they are not in the families appearing in Proposition
3.1.
In fact we can do much better: for any given b, we can produce all the a’s for which
N(a, b) is a square. It turns out that there are infinitely many of them for every b.
We will show that the problem of finding all pairs (a, b) such that N(a, b) is a square
reduces to finding solutions of a general Pell’s equation.
The following theorem is the main result of this section. We remark here that its
proof gives an algorithm to compute all the pairs (a, b) for which N(a, b) is a perfect
square. Some explicit computations will be made in Section 4.
Theorem 3.2. For every fixed integer b > 1, N(a, b) is a perfect square for infinitely
many and effectively computable integers a.
Proof. Let b be a positive integer, with b = ds2 and d is square-free.
We want to find all integers a’s such that N(a, b) = c2 for some integer c. Using
(3.1), this is equivalent to
N(a, b) =
b
a(a− b+ 1)
(
a
b
)2
= c2,
so N(a, b) is a square if and only if ab(a− b+ 1) is a square.
We now show that this problem is equivalent to finding the integral solutions (n,m)
of the Pell’s equation
(3.2) n2 − dm2 = (b− 1)2
such that m is even.
In fact, assume that a is an integer such that
(3.3) ab(a− b+ 1) = c′2
6
for some integer c′. Notice that from (3.3), b divides (c′)2, hence ds divides c′. It is
now easy to check that the pair
(n,m) =
(
2a+ 1− b, 2sc
′
b
)
is an integral solution of (3.2) with m even.
On the other hand, suppose to be given a solution (n,m) of (3.2) with m even.
Notice that this implies that n and b− 1 have the same parity. So
a =
n+ b− 1
2
is an integer and one can easily check that
N(a, b) =
(
2s
m
(
a
b
))2
.
Now Lemma 2.1 shows how to compute all the positive solutions (n,m) of equation
(3.2) with m even.
There are always infinitely many, since for example, in the notation of the lemma,
we can always choose (n′,m′) = (b− 1, 0). This completes the proof. 
4. Some explicit computation
We show how the proof of Theorem 3.2 is effective by computing an explicit example.
Let b = 28. We want all the a’s such that N(a, 28) is a square greater than 1. The
algorithm is the following.
Keeping the above notation, we write b = 7 · 22, so d = 7, s = 2 and equation (3.2)
becomes
(4.1) n2 − 7m2 = 272.
To solve it, from the discussion of Section 2, first we have to find the fundamental
solution (n1,m1) of the equation
(4.2) n2 − 7m2 = 1.
The continued fraction expansion of
√
7 is
(4.3)
√
7 = 2 +
1
1 +
1
1 +
1
1 +
1
4 + . . .
,
or better, in the standard notation,
√
7 = [2, 1, 1, 1, 4, 1, 1, 1, 4, . . . ]. So it has period of
length 4, which is even, hence truncating the expansion in (4.3) at the end of the first
period we get 8
3
. Therefore (n1,m1) = (8, 3) is the fundamental solution we sought for.
Now all positive solutions (n,m) of (4.1) can be found as
n±
√
7m = (n′ +m′
√
7)(8 + 3
√
7)k,
7
where k ∈ Z and (n′,m′) is any solution of (4.1) such that
(4.4) |n′| < 27
√
8 + 3
√
7 < 27 · 4 and |m′| < 27
√
8 + 3
√
7
7
< 27 · 2.
So it sufficient to compute (n′)2−7(m′)2 for all such values of n′ and m′ and see which
one satisfies (4.1). In this case all the solutions (n′,m′) of (4.1) in the range (4.4) are
(4.5) (27, 0), (29, 4), (36, 9), (48, 15) (69, 24), (99, 36).
We denote by (nk,mk) the solution of (4.2) obtained as
nk +mk
√
7 = (8 + 3
√
7)k
with k ∈ Z.
All the positive solutions (n,m) of (4.1) are then of the form
n±m
√
d = (n′ +m′
√
d)(nk +mk
√
d) for k ∈ Z
where (n′,m′) is in our list (4.5).
Remark 4.1. In fact notice that
(36 + 9
√
7)(n−1 +m−1
√
7) = (36 + 9
√
7)(8 − 3
√
7) = 99− 36
√
7,
and consequently
(99 + 36
√
7)(n−1 +m−1
√
7) = (99 + 36
√
7)(8− 3
√
7) = 36− 9
√
7.
Similarly,
(48 + 15
√
7)(n−1 +m−1
√
7) = (48 + 15
√
7)(8− 3
√
7) = 69− 24
√
7,
and consequently
(69 + 24
√
7)(n−1 +m−1
√
7) = (69 + 24
√
7)(8− 3
√
7) = 48− 15
√
7.
So we can restrict our list (4.5) to
(4.6) (27, 0), (29, 4), (36, 9), (48, 15).
Remember that we are looking for integral solutions of (4.1) with m even.
Since d = 7 is odd and n1 = 8 is even, applying Lemma 2.1 we have that all the
positive solutions (n,m) of (4.1) with m even are of the form
n±m
√
7 =


27(n2k +m2k
√
7)
(29 + 4
√
7)(n2k +m2k
√
7)
(36 + 9
√
7)(n2k+1 +m2k+1
√
7)
(48 + 15
√
7)(n2k+1 +m2k+1
√
7)
with k ∈ Z.
Now for all such solutions (n,m), the proof of Theorem 3.2 shows that
a :=
n+ b− 1
2
=
n+ 27
2
is an integer such that N(a, b) = N(a, 28) is a perfect square whenever a > 28 = b.
In this way we can effectively construct, by a finite search in an explicit bounded
interval, all the pairs (a, 28) for which N(a, 28) is a square.
We now list some explicit computations.
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Example 4.1. Let us take (n′,m′) = (27, 0).
For k = 0, (n0,m0) = (1, 0) and we get a = (1+27)/2 = 14 < b, which we disregard.
For k = 1 we get (n2k,m2k) = (n2,m2) = (127, 48), so (n,m) = (27 · 127, 27 · 48) =
(3429, 1296) and
a =
3429 + 27
2
= 1728
for which
N(1728, 28) = 363939258111286004890038795133230058695746414332934680969562
=
(
2 · 2
1296
(
1728
28
))2
For k = 2 we have (n2k,m2k) = (n4,m4) = (32257, 12192) and (n,m) = (27 ·
32257, 27 · 12192) = (870939, 329184), which gives a = (870939 + 27)/2 = 435483.
Indeed it is possible to check that
N(435483, 28) =
(
2 · 2
329184
(
435483
28
))2
.
Example 4.2. As another example, take (n′,m′) = (36, 9) from the list.
For k = −1 we have
(36 + 9
√
7)(n2k+1 +m2k+1
√
7) = (36 + 9
√
7)(n−1 +m−1
√
7)
= (36 + 9
√
7)(8− 3
√
7) = 99 − 36
√
7.
So (n,m) = (99, 36), hence a = (99 + 27)/2 = 63 and indeed
N(63, 28) = 699231433115774932 =
(
2 · 2
36
(
63
28
))2
.
Finally, for k = 0 we have
(36 + 9
√
7)(n2k+1 +m2k+1
√
7) = (36 + 9
√
7)(n1 +m1
√
7)
= (36 + 9
√
7)(8 + 3
√
7) = 477 + 180
√
7,
which gives (n,m) = (477, 180). Therefore a = (477 + 27)/2 = 252, and
N(252, 28) = 2662806754959143477570982554441964752 =
(
2 · 2
180
(
252
28
))2
.
It is amusing to see how the pairs (a, b) for which N(a, b) is a square distribute. We
plotted in Figure 1 such pairs for a ≤ 2000, but only for the values b ≤ a/2, because
of the symmetry N(a, b) = N(a, a− b+ 1).
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Figure 1. The red dots are the pairs (a, b) with b ≤ a/2 such that
N(a, b) is a square.
5. Higher powers
In this section we investigate when a Narayana number is a perfect power mk of
some integer m with k > 2. Compared to the case of squares, here things become more
complicated.
We are concerned here with Conjecture 1 from the introduction, i.e. that no
Narayana number is a perfect k-th power of an integer for k ≥ 3.
While the full conjecture seems to be out of reach, we provide here evidences by
presenting some partial results.
Consider the equation
N(a, b) = mk for integers m ≥ 2 and k ≥ 1.
From this and (3.1) we get the two equations
(5.1) (a− b+ 1)
(
a
b− 1
)2
= abmk
and
(5.2) b
(
a
b
)2
= a(a− b+ 1)mk.
We start with the following proposition.
Proposition 5.1. Let a, b be positive integers with b ≤ a/2. Suppose that N(a, b) = mk
for some positive integers m and k. Then:
(1) if a = p is a prime, then k = 1;
(2) if a = p2 is the square of a prime, then k ≤ 2.
Proof. Case (1): Observe that clearly p does not divide both b and p− b+1; moreover
p divides
(
p
b
)
exactly once. Hence (5.2) with a = p implies that p divides mk exactly
once, therefore we must have k = 1.
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Case (2): We start by recalling the following formula. For a prime p, we denote by vp
the p-adic valuation, i.e. for n ∈ N, vp(n) is the greatest nonnegative integer h such
that ph divides n. Then it is well known and easy to show that
vp
(
pn
t
)
= n− vp(t)
for all positive integers n, t.
So
vp(N(p
2, b)) = −2 + (2− vp(b)) + (2− vp(b− 1)).
Notice that p cannot divide both b and b− 1. Moreover vp(b) and vp(b− 1) are either
0 or 1, since a = p2 > b > b− 1. Summing up, this tells us that vp(N(p2, b)) ∈ {1, 2}
and so N(p2, b) cannot be a perfect k-th power with k > 2. 
Remark 5.1. Notice that for a = pr with r ≥ 3, and for general b, the same argument
only shows that k ≤ r. So in this case we need another strategy.
We are going to use the following result, well known as Bertrand’s postulate, and
first proved by Tchebyshev.
Theorem 5.2 (Tchebyshev). For all n > 0 there is a prime p such that n < p ≤ 2n.
The following theorem is the main result of this section.
Theorem 5.3. Let a be a positive integer and let p be the biggest prime such that
p < a. Suppose that a/2 ≥ b > a − p + 1. Then N(a, b) = mk for some m ∈ N, only
for k ≤ 2.
Proof. By Tchebyshev’s Theorem, we can find a prime p such that ⌊(a+ 1)/2⌋ < p <
a+1. Because of Lemma 5.1, we can assume that p < a. Observe that p cannot divide
a.
By assumption a/2 ≥ b, so p > b. Hence p does not divide b.
We look first at the case where p 6= a− b+ 1.
We set c := a− p, so that a− b+1 = p+ c− b+1. Now p does not divide a− b+1,
since it does not divide c− b+1: indeed b− c− 1 > 0, thus b− c− 1 ≤ b− 2 < p. Now
(5.2) with a = p+ c becomes
b
(
p+ c
b
)2
= (p + c)(p + c− b+ 1)mk.
By hypothesis b > c+1, hence p divides
(
p+ c
b
)
exactly once. Since p does not divide
b, p + c = a and p + c − b + 1 = a − b + 1, it must divide m. But p divides the left
hand side exactly twice, so it must divide mk exactly twice. In particular we must
have k ≤ 2.
It remains to check the case where p is equal to a− b+ 1. If we set a− b+ 1 = p in
the equation (5.1), we get
p
(
a
p
)2
= abmk.
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Now, since ⌊(a + 1)/2⌋ < p < a, p does not divide
(
a
p
)
. Since p does not divide both
a and b, it must divide exactly once mk, which implies k = 1.
This completes the proof of the theorem. 
For c ∈ N, let us call P (c) the greatest prime p that divides c. It can be shown [28]
(see also [20]) that for n ≥ 2k > 0
P
((
n
k
))
> 1.95k.
Theorem 5.4. If N(a, b) = mk and a/2 ≥ b ≥ √a/1.95, then k ≤ 2.
Proof. Using (5.2), we can rewrite the condition N(a, b) = mk as
(5.3) b
(
a
b
)2
= a(a− b+ 1)mk.
Let
p := P
((
a
b
))
.
From what we observed before this theorem, we know that p > 1.95b ≥ √a.
By a theorem of Mignotte [24] (see also [26]), if we have the prime factorization(
n
k
)
=
n(n− 1) · · · (n− k + 1)
k!
= pα1
1
pα2
2
· · · pαjj ,
then each prime power pαii must divide one of the factors of the numerator.
Notice that p2 > a, so, using Mignotte’s theorem, p divides
(
a
b
)
exactly once.
Now p does not divide b since p > 1.95b > b, so p divides the left hand side of (5.3)
exactly twice.
But p cannot divide both a and a− b+ 1, so it divides mk one or two times. This
implies that k ≤ 2, as we wanted. 
Remark 5.2. Notice that neither of the two theorems of this section implies the other.
For example, for a = 1362, the greatest prime p which is smaller than a is 1361, hence
Theorem 5.3 shows that N(1362, b) = mk implies k ≤ 2 for b > 1362 − 1361 + 1 = 2,
while Theorem 5.4 gives the result only for b >
√
1362/1.95 ≃ 18.93.
On the other hand, for a = 1360, the greatest prime p which is smaller than a is 1327,
hence Theorem 5.3 shows that N(1360, b) = mk implies k ≤ 2 for b > 1360−1327+1 =
34, while Theorem 5.4 gives the result for b >
√
1360/1.95 ≃ 18.91, which is a better
bound.
In fact for a big enough (say a > 5000) the bound on b of Theorem 5.3 seems to be
always better than the one of Theorem 5.4, as Figure 2 suggests.
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Figure 2. The red dots are the pairs (a, a − p + 1), where p is the
greatest prime smaller than a, while the green curve is the function
x 7→ √x/1.95.
5.1. Conjecture 1 for small values of b. Notice that both theorems cover only cases
in which b is “not too small”. For small b’s things can become complicated, though
something can be said.
Consider for instance the case b = 2. Then
N(a, 2) =
a(a− 1)
2
=
(
a
2
)
is just a binomial.
The fact that N(a, 2) = mk implies k ≤ 2 is then proved in [13].
Consider now the case b = 3. Then the equation
N(a, 3) =
a(a− 1)2(a− 2)
12
= mk
is equivalent to
(a− 1)4 − (a− 1)2 = 12mk
or (
2(a− 1)2 − 1)2 − 48mk = 1.
Now it would follow from Pillai’s generalization of Catalan’s conjecture that there
are at most finitely many exceptions to Conjecture 1 in this case:
13
Conjecture 2 (Pillai’s conjecture). For any triple of positive integers a, b, c, the equa-
tion axn − bym = c has only finitely many solutions (x, y,m, n) with (m,n) 6= (2, 2).
Pillai’s conjecture is still open (it holds conditionally assuming the abc-conjecture).
In conclusion, other than some numerical evidence and the cases covered in this
work, Conjecture 1 remains open.
Acknowledgements
We thank Clemens Fuchs for bringing the reference [13] to our attention.
References
[1] Aigner, M., Enumeration via ballot numbers, Discrete Math. 308 (2008) 2544–2563.
[2] Alter, R., Curtz, T. B., On binary non-associative products and their relation to a classical
problem of Euler, Comment. Math. Prace Mat., 17, (1973), 1–8.
[3] Alter, R., Kubota, K. K., Prime and prime power divisibility of Catalan numbers, Journal of
Combinatorial Theory. Series A, 15, (1973), 243–256.
[4] Aval, J.-C., Bergeron, F., Garsia, A., Combinatorics of Labelled Parallelogram Polyominoes,
arXiv:1301.3035.
[5] Aval, J.-C., D’Adderio, M., Dukes, M., Hicks, A., Le Borgne, Y., Statistics on parallelo-
gram polyominoes and a q, t-analogue of Narayana numbers, arXiv:1301.4803.
[6] Aval, J.-C., D’Adderio, M., Dukes, M., Le Borgne, Y., On the sandpile model on Kn+1 and
Km,n, and a cyclic lemma, in preparation.
[7] Bo´na M., Sagan, B. E., On divisibility of Narayana numbers by primes, Journal of Integer
Sequences, 8, no.2 (2005).
[8] Delest M., Viennot, G., Algebraic languages and polyominoes enumeration, Theoret. Comput.
Sci., 34, (1984), 169-206.
[9] Deutsch, E., Sagan, B. E., Congruences for Catalan and Motzkin numbers and related se-
quences, Journal of Number Theory, 117, (2006), 1, 191–215.
[10] Dukes, M., Le Borgne, Y., Parallelogram polyominoes, the sandpile model on a bipartite graph,
and a q,t-Narayana polynomial, arXiv:1208.0024, (2012).
[11] Fomin, S., Reading, N., Root systems and generalized associahedra, “Geometric combinatoric”,
(E Miller, V Reiner, B Sturmfels, editors), IAS/Park City Math. Ser. 13, Amer. Math. Soc. (2007)
63-131.
[12] Garsia, A. M., Haglund, J., A proof of the q, t-Catalan positivity conjecture, LaCIM 2000 Con-
ference on Combinatorics, Computer Science and Applications (Montreal, QC), Discrete Mathe-
matics, 256, (2002), 3, 677–717.
[13] Gyo¨ry, K., On the Diophantine equation
(
n
k
)
= xl, Acta Arith. 80, no. 3, (1997) 289-295.
[14] Haglund, J., A proof of the q, t-Schro¨der conjecture, Internat. Math. Res. Notices 11, (2004),
525-560.
[15] Haglund, J., The q, t-Catalan numbers and the space of Diagonal Harmonics, AMS University
Lecture Series, 2008.
[16] Haiman, M., Vanishing theorems and character formulas for the Hilbert scheme of points in the
plane, Invent. Math. 149 (2002), no. 2, 371-407.
[17] Hivert, F., Novelli, J.-C., Thibon, J.-Y., Commutative combinatorial Hopf algebras, J. Alge-
braic Combin. 28 (2008) 65-95.
[18] Huq, A., Generalized Chung-Feller theorems for lattice paths, Thesis (Ph.D.) Brandeis University.
(2009), arXiv:0907.3254.
[19] Konvalinka, M., Divisibility of generalized Catalan numbers, J. Combin. Theory Ser. A 114
(2007), no. 6, 1089-1100.
[20] Laishram, S., Shorey, T. N., The greatest prime divisor of a product of terms in an arithmetic
progression, Indag. Mathem., N.S., 17 (3), (2006) 425-436.
14
[21] Liu, S.-C., Yeh, J. C.-C., Catalan numbers modulo 2k, J. Integer Seq. 13 (2010), Article 10.5.4.
[22] T. Mansour, T., and Y. Sun, Y., Identities involving Narayana polynomials and Catalan num-
bers, Discrete Math. 309 (2009) 4079-4088.
[23] Mathews, D., Chord diagrams, contact-topological quantum field theory and contact categories,
Algebraic & Geometric Topology 10 (2010) 2091-2189.
[24] Mignotte, M., Sur les coefficients du binoˆme, Arch. Math. (Basel) 24 (1973) 162-163.
[25] Postnikov, A., Sagan, B., What power of two divides a weighted Catalan number?, J. Combin.
Theory Ser. A 114 (2007), no. 5, 970-977.
[26] Selmer, E., On the number of prime divisors of a binomial coefficient, Math. Scand. 39 (1976),
no. 2, 271-281.
[27] Shapiro, H.N., Introduction to the theory of numbers, Dover (2008).
[28] Shorey, T. N., Tijdeman, R., Prime factors of arithmetic progressions and binomial coefficients,
Diophantine Geometry, CRM Series, 4, Ed. Norm. Pisa, (2007), 283-296.
[29] Stanley, R. P., Enumerative Combinatorics Volume 2, Cambridge Studies in Advanced Mathe-
matics 62, Cambridge University Press 1999.
[30] Stanley, R. P., Catalan Addendum, http://www-math.mit.edu/∼rstan/ec/catadd.pdf
[31] Sulanke, R. A., Moments, Narayana numbers, and the cut and paste for lattice paths, J. Statist.
Plann. Inference 135 (2005) 229-244.
[32] Williams, L. K., Enumeration of totally positive Grassmann cells, Adv. Math. 190 (2005) 319-
342.
[33] Xin, G., Xu, J.-F., A short approach to Catalan numbers modulo 2r, Electron. J. Combin. 18
(2011), no. 1, Paper 177, 12 pp.
[34] Yano, F., Yoshida, H., Some set partition statistics in non-crossing partitions and generating
functions, Discrete Math. 307 (2007) 3147-3160.
[35] Zannier, U., Lecture Notes on Diophantine Analysis, Edizioni Della Normale, Appunti, n. 8,
with an Appendix by F. Amoroso.
Universita¨t Basel, Mathematisches Institut, Rheinsprung 21, CH-4051 Basel, Switzer-
land
E-mail address: sara.checcoli@gmail.com
Universite´ Libre de Bruxelles (ULB), De´partement de Mathe´matique, Boulevard du
Triomphe, B-1050 Bruxelles, Belgium
E-mail address: mdadderi@ulb.ac.be
15
